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Abstract 

We solve the eigenvalue problem of the type of Calogero model by mapping it 
to a set of decoupled quantum harmonic oscillators through a similarity transformation. 
In particular, we construct the eigenfunctions of this Calogero model from those of 
bosonic harmonic oscillators having either all even parity or all odd parity. It turns out 
that the eigenfunctions of this model are orthogonal with respect to a nontrivial inner 
product, which can be derived from the quasi-Hermiticity property of the corresponding 
conserved quantities. 
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1 Introduction 



Exactly solvable quantum many particle systems and spin chains with long-range inter- 
actions [1-10] have attracted much attention due to their appearance in apparently di- 
verse branches of physics and mathematics like generalized exclusion statistics [9,11-14], 
quantum Hall effect [15], quantum electric transport in mesoscopic systems [16,17], 
random matrix theory [18], multivariate orthogonal polynomials [19-21] and Yangian 
quantum groups [22-24]. The study of this type of models with long-range interaction 
was initiated by Calogero [1], who has found the exact spectrum of an A'"-particle system 
on a line with two-body interactions inversely proportional to the square of their dis- 
tances and subject to a confining harmonic potential. The Hamiltonian of such rational 
Calogero model may be written in the form [1,2] 

1=1 « l^iKj^N ^ * 

where a (> |) is a free parameter. It has been found that, this Hamiltonian yields a 
quantum integrable model associated with the A^^i root system and it is possible to 
construct generalizations of this Hamiltonian for other root systems while preserving the 
quantum integrability property [4,25,26]. In particular, for the case of root system, 
the Hamiltonian of Calogero model is given by 



+ 



{xi -^j')^ (-^i ~l~ "^j )^ 



;i.2) 



where v (> |) is a free parameter. Furthermore, the Hamiltonian of Calogero model 
associated with the root system is related to its counterpart as 



1 ^ 1 

Hn = Hn + -p{p-l)Y.-^, (1.3) 



where p (> 1) is another free parameter corresponding to the one-body potential. 

Due to Eq.(1.3), one may naively think that the Djsi type of Calogero model is just 
a special case of its Sjv counterpart and all physically relevant properties of the former 
model can be obtained from those of the latter model by simply taking the p — > 
hmit. However, the spectra of Calogero models associated with all root systems can be 
calculated by acting the corresponding Hamiltonians on Coxeter invariant Polynomials 
[25,26]. It turns out that, contrary to the naive expectation, spectrum of the £)jv type 
of Calogero model can not be reproduced from its -Bat counterpart by taking the p — )■ 
limit. Moreover, the spectra of BCn and types of Calogero models along with their 
spin generalizations have been computed recently by finding out appropriate sets of 
basis vectors on which the corresponding auxiliary Hamiltonians and Dunkl operators 



2 



act as some triangular matrices [27,28]. Again it is found that, spectra of these Dn 
type of models can not be reproduced from their counterparts as some special cases. 
Consequently, the type of Calogero model and its spin generalization should be 
considered as some singular limits of their fi^r counterparts. 

Even though the eigenvalue problem of the Dn type of Calogero model (1.2) has 
been studied earlier through different approaches, the connection of the corresponding 
Hilbert space with that of free quantum harmonic oscillators (QHO) has not been ex- 
plored till now. In this context it should be noted that, one can solve the eigenvalue 
problem of Ajv-i and Bn type of Calogero models by using similarity transformations 
which map these models to a system of N number of decoupled QHO (up to some 
additive constants) [29-32]. However, due to the difference of domains on which these 
similarity transformations act as nonsingular operators, the spectrum of A^-i type of 
Calogero model differs significantly from that of the type of Calogero model. More 
precisely, up to a constant shift of all energy levels, the spectrum of the A^^i type of 
Calogero model coincides with that of N number of bosonic QHO, which corresponds to 
completely symmetric wave functions [29,32]. On the other hand, the spectrum of the 
Bn type of Calogero model can be identified with a subset of the spectrum of N number 
of bosonic QHO, which corresponds to completely symmetric as well as even parity wave 
functions [30,32]. The orthogonality relations for the eigenfunctions of both Ajv-i and 
Bj^ types of Calogero models have also been established [32]. The purpose of the present 
article is to make a connection between the Hilbert space of the type of Calogero 
model (1.2) and that of QHO, by applying the method of similarity transformation. 

The arrangement of this paper is as follows. In Sec. 2, we describe the similarity 
transformation which maps this Dn type of Calogero model to a system of N number 
of decoupled QHO. In this section, we also find out the domain on which such similarity 
transformation acts as a nonsingular operator. By using these results, in Sec. 3 we solve 
the eigenvalue problem of the type of Calogero model. In particular, we construct the 
eigenfunctions of this Calogero model from those of bosonic harmonic oscillators having 
either all even parity or all odd parity. We also show that eigenfunctions of this model 
are orthogonal with respect to a nontrivial inner product, which has a close connection 
with the quasi-Hermiticity property of the corresponding conserved quantities. In Sec. 4 
we make some concluding remarks. 

2 Similarity transformation and its domain 

Our aim is to solve the eigenvalue problem given by 

Hoipixi, . . . ,xn) = Eip{xi, . . . ,xn) , (2.1) 

by constructing a similarity transformation which would map Hd (1-2) to a set of de- 
coupled quantum harmonic oscillators (QHO). It is well known that, the ground state 
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wave function for the D^-type Calogero model can be expressed as 

N 

M^i,---,^n)^ n K'-^?r e"^"£'', (2.2) 

and the ground state energy is given by 

Eo = -Nu + uN{N - l)uj. (2.3) 

By using the 'operator form' of this ground state wave function, we perform a similarity 
transformation on Hd as 



Note that the eigenvalue equation (2.1) for Ho can equivalently be expressed as an 
eigenvalue equation for Ho' 

Hd (pixi, xn) = {E - Eq) <i){xi, xn) , (2.5) 

where the corresponding eigenfunctions are related as 

V'(a;i, ...,xn) = ^oixi, XN)(pixi, ...,xn)- (2.6) 

Let us now consider the Euler operator (Oe) and D^r type of Lassalle operator (Ol) 
given by 

OL-f:^+^^ E (^^(-^1:--.^)' (2-7) 

which satisfy the commutation relation 

[0l,0e]=20l. (2.8) 
In terms of these two operators, Hd in Eq.(2.4) can be written in a compact form like 

Hd^ooOe-^Ol. (2.9) 

By using the commutation relation (2.8) and the well known Baker-Campbell-Hausdorff 
(BCH) formula, we find that Hd (2.9) can be transformed into the Euler operator as 

e^^'^ Hds-^^"^ ^ uOe- (2.10) 
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Let us now define the Laplacian operator as = X^ili ^^^^ ^^i^ 

Laplacian operator and Euler operator satisfy the commutation relation: [V^, Oe] — 
2V^. By using this commutation relation and the BCH formula, one finds that 

e-^^\ujOE)e^^' ^ujOe--V^ = H. (2.11) 

2 



Next, we introduce the operator X"^ = ^^^a;^, which satisfies the commutation rela- 



tions 



By using these commutation relations and the BCH formula, it is easy to find that 



^Hqho-^Nu, (2.12) 



where 



1 ^ <^2 

^QHO=2E(-a^+'^'^?)' (2-13) 

represents the Hamiltonian of N number of decoupled QHO. Combining the relations 
(2.10), (2.11) and (2.12), we find that 

HdT ^ Hqho - ^Nuj (2.14) 

where 

T = e-^""^ e^^\'2-x\ (2.15) 

Next, we try to construct the Hilbert space of Hamiltonian Ho from that of Hqho, 
by using the similarity transformation (2.14). To this end, we consider the creation and 
annihilation operators of QHO given by 



{pj - iuxj), a] = —^{pj + iuxj), (2-16) 



where pj = —i^- These operators satisfy the standard bosonic commutation relation: 

[aj,aj] = 0, [a|,at] = 0, [ai,aj] = 5ij^ for all i,j e {1,2,--- ,A^}. In terms of these 
creation and annihilation operators, the number operator for the j-th oscillator is defined 
as 



and Hqho in Eq.(2.13) can be expressed as 



N 



HQHo^ojJ2^j- (2-18) 



Since the number operators (nj's) are mutually commuting conserved quantities for 
Hqho-i corresponding simultaneous eigenfunctions are given by 

N 

|Ai,A2,...,A^)=nKV'|0)' (2.19) 

where \j (e Z-°) is the quantum number associated with the number operator Uj and 
aj|0) = for all values of j. Due to the existence of the similarity transformation (2.14), 
one may naively think that the wave functions defined as 

|0Ai,A2,...,A;v) = ^|Al, A2, . . . , \n) , (2.20) 

would be eigenfunctions of Hd with eigenvalue -Eai,A2,...,Ajv = ^ Ej=i Ai - '^Noo. How- 
ever, before reaching to this conclusion, it is important to find out the domain of the 
operator T by checking whether |0Ai,A2,...,Ajv) represents a nonsingular, square integrable 
wave function. To this end, we rewrite the operator T in Eq.(2.15) as T = e~4^'^^x, 
where x = e*^^ e^'^-^ . Through direct calculation it can be shown that x satisfies the 
relations 

X (a])'^ = (2a;)^ x, X |0) = 1 • (2.21) 

By using these relations, we find that |0Ai,A2,...,AAr) in Eq.(2.20) can be expressed as (in 
the coordinate representation) 

JV 

|0A,A2,...,A.) = (2a;) ^-'^ e-^o-(a;t^4^ . . .4^) . (2.22) 

Prom the above equation it is evident that, |0Ai,A2,...,Ajv) would be a singular wave func- 
tion, if the action of the Lassalle operator Ol on the monomial x^^^s^ . . .x^ leads to 
a singularity. By using Eq.(2.7), we get 

N 

Ol{x^,' . . 4-) = E a,(a,- - i)xl' ...xf "... 4- 



+ 4i^ E (44---4")- (2-23) 



l<i<j<N ' 

Note that first term in the r.h.s. of Eq.(2.23) seems to be singular at Xj = 0, whenever Xj 
takes the value or 1. However, the presence of the coefficient Aj(Aj — 1) within this term 
precludes that possibility. On the other hand, the second term in the r.h.s. of Eq.(2.23) 
has pair of simple poles at Xi — Xj and Xi = —Xj. Consequently, successive action of the 
Lassalle operator on the monomial yields essential singularities at these 

points. Due to such singularities, |0Ai,A2,...,Ajv) in Eq.(2.22) does not represent a square 
integrable wave function. 

As a first step to get rid of the above mentioned singularity, one may apply the 
similarity transformation T on the completely symmetrized number states of QHO, as 
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was done earlier [29, 30, 32] both in the cases of Ajv_i type and type of Calogero 
models. For the sake of convenience, we consider a system consisting of two free harmonic 
oscillators and define the corresponding symmetrized number states as 

|Ai,A2)3 = r(|Ai,A2) + |A2,Ai)), (2.24) 

where we assume that Ai < A2, and set r = 1 for Ai < A2 and r = 1/2 for Ai = A2. 
Applying the similarity transformation T on such symmetrized number state and using 
Eq.(2.21), we obtain 

\Km) = T\X,, A2). = r (2a;)^(^^+^^) e-^«- (x^^x^^ + x^x^). (2.25) 

By using Eq.(2.7), one finds that 

Ol(x^X2' +x^X2^) = Ai(Ai - l){x^'-^x^' +xl^x^'-^) 

+ A2(A2-l)(xt^X2"^-2 + xt^-M') + MA2-Ai)xtix2"^ ( "'"l^J"'' )- (2.26) 

Note that the singularities in the r.h.s. of the above equation can be removed completely, 
if we restrict the value of A2 — Ai to be an even integer. Indeed, by setting A2 — Ai = 2m, 
where m e Z-°, and defining symmetrized polynomials like 

<^Ai,A. = r(x^x^^+x^^x^) , 
one can express Eq.(2.26) in the form 

t 

Ol <PMM = A2(A2 - 1)Cai,A2 </^Ai,A2-2 + Ai(Ai - 1)(/?Ai-2,A2 + 8i^m ^ fM+2i-2M--^i ' 

i=l 

where Cx^^x^ = (1 - <^Ai,A2 + <^Ai,A2-2) and t = [(m + l)/2], with [x] denoting the integer 
part of X. Prom the r.h.s. of the above equation it is clear that, repeated actions of 
Ol on (/^Ai,A2 do not produce any singularity. Consequently, |0Ai,A2) Eq.(2.25) would 
represent a nonsingular and square integrable eigenfunction of Hd, provided A2 — Ai is 
taken as an even integer. 

In analogy with the two particle case, as considered in Eq.(2.25), one can construct 
completely symmetrized states like |0Ai,A2, -,Ajv) ^^'^ general N particle case. Such 
construction will be discussed in the next section. Proceeding in a similar way as has 
been done earher in the case of model [32], it can be shown that |0Ai,A2, -,Ajv) would 
represent a nonsingular eigenfunction of Hd, provided \j — Aj are even integers for all 
i,j e {1,2,-- - , N}. Note that the above condition is satisfied if either all A^'s are even 
integers, i.e. of even parity, or all Aj's are odd integers, i.e. of odd parity. Therefore, 
the Hilbert space ol Dn type of Calogero model (denoted by %) can be decomposed as 

n^no®ni, (2.27) 
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where the subspace T-Lo is made of states with even parity and the subspace "Hi is made of 
states with odd parity. It should be noted that, the decomposition of the Hilbert space 
given in Eq.(2.27) and corresponding eigenvalues of Hd (see Eq.(3.12)) was found earlier 
through a completely different approach involving the Djv type of Dunkl operators [28]. 
However, the present approach through similarity transformation not only enables us 
to reproduce these results, but also leads to explicit expressions for the corresponding 
eigenfunctions in a simple way. 

As we have mentioned earlier that, there exists a similarity transformation which 
maps the type of Calogero model (1.3) to a system of decoupled QHO [32]. At p — > 
limit, that similarity transformation formally reduces to the the presently considered 
similarity transformation T (2.15). However, it is important to observe that, the domains 
of these two similarity transformations do not match with each other. To verify this 
thing, we note that the Lassalle operator O)^ associated with the i^jv type of Calogero 
model (1.3) is given by [32] 



^ Q2 



- E ( + 2P Q ) Yl (^2 _ ^2) Q ^3 Q ) 

Action of this O^^^ on the monomial xl^X2^ . . . x^ yields 

AT 

of) (xt^^^ ...x'^n-Yl - 1) + 2 A-} ^i'--- ■ ■ ■ ^ 



Ajv 
N 



+4- E ^^(^^^2^--4^)- (2.28) 

Comparing the first terms in the r.h.s. of Eqs. (2.23) and (2.28), we find that the 
coefficient Xj{Xj — l) in the former equation is replaced by the coefficient Xj{Xj — l)+2pXj 
in the latter equation. Consequently, unlike the case of Dn type of Calogero model, the 
first term in the r.h.s. of Eq.(2.28) picks up a singularity at xj = for the choice Xj = 1. 
Moreover, successive action of O)^ yields this type of singularity at Xj = for any 
odd value of Xj. Thus the similarity transformation associated with the Bn type of 
Calogero model generates singularity while acting on the completely symmetric states 
of QHO with odd parity. On the other hand, all singularities appearing in Eq.(2.28) 
can be eliminated by acting O)^ on the completely symmetrized form of the monomial 
and restricting all Aj's to be even integers [32]. Consequently, the Hilbert 
space of this Bn type of Calogero model can be constructed by using such completely 
symmetric states with even parity only. 



3 Construction of Eigenfunctions 

Here our aim is to construct the eigenfunctions of the Hamiltonian Ho (1.2) for the 
general particle case and find out the scalar product of such eigenfunctions. To this 
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end, we consider a set of nonnegative integers like A = {Ai,A2,...,AAr}, subject to 
restriction that all A^'s have either positive parity or negative parity and the ordering 
Ai>A2>...>Ajv>0. One can construct a symmetrized number state associated 
with A as 

|A),= |A.,,...,A.,)=^,V)|0), (3.1) 

aeSN 

where ^xi^) ^ completely symmetric function of x defined by [32] 

'^a(x) = ^I'^'^i'^' ■ ■ ■ ^n" > (3-2) 

aeSN 

with X = {xi, X2, ■ ■ ■ ,xn} e K"^, and the summation runs over distinct permutations 
so that each monomial appears only once. It may be noted that, for the particular case 
= 2, |A), in Eq.(3.1) reproduces |Ai, Aa)^ in Eq.(2.24). 

Next, by using the number operators, we define a set of mutually commuting Her- 
mitian operators like 

N 

PKn) = ^4, (3.3) 

i=i 

where / G {1,2,--- ,A^}. Due to Eq.(2.18), it follows that Hqho = W-Pi(n). Hence 
P;(n)'s represent a complete set of mutually commuting conserved quantities for the 
QHO. It is evident that the symmetrized number states (3.1) are simultaneous eigen- 
f unctions of these conserved quantities: 

Pi{n)\X), = Pi{X)\X)s, (3.4) 

where -P;(A) = A^ . We define the dual bases for the states (3.1) as 

(A|, = (0| (^,-(at), (3.5) 

where (0| is defined through the relations (0|a] = 0, for all values of j. By using the 
bosonic commutation relations satisfied by the creation and annihilation operators, the 
orthogonality relations among the scalar products of the symmetrized number states 
may be obtained as 

ms-s^^.mmfi^^, (3.6) 

j=i r 

—* — * 

where the notation {Ji\s. |A)s = (/i|A)s is used, A is written in the form 

A = { /i, /i, . . . , /i, I21 h, ■ ■ ■ ,^2, ■ ■ ■ , Ir, Ir, ■ ■ ■ , Ir} , (3.7) 
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such that J2ki = N, and (0|0) = ( e-^'^^dx) = {^) ^ ■ 

i=l \ oo J Ul 

By applying the operator T (2.15) on the symmetrized number state |A)^j (3.1), and 
using the relations (2.14) and (2.21), we obtain the eigenfunctions for Hd as 

AT 

^r|A), = (2^)^£''e-^«-(^xW, (3.8) 

with eigenvalues given by 

^ 1 

£^Ai,A„...,A. =c.'5^A,^-iVa;. (3.9) 

Proceeding in a similar way as has been done earlier in the case of model [32], it 
can be shown that 10?.) in Eq.(3.8) represents nonsingular and square integrable eigen- 
functions for Ho- Let us now define an operator T as 

r = V'o(x)r = iljo{^)e-^^^ e^^' e^'"^' , (3.10) 

where V'o(x) is the 'operator form' of the ground state wave function (2.2). By using 
Eqs. (2.6) and (3.8), we obtain the eigenfunctions for the original Calogero Hamiltonian 
Hd (1.2) as 

N 

I^X) = r|A)„ = (2c^)^£'>o(x)e-i^°Vx(x). (3.11) 
Subsequently, by using Eq.(2.5), we obtain the corresponding eigenvalues as 

N 

Ex,m,-,Xn = ^Ai,A.,...,A. + Eo^u;J2>^j+ ^N{N - l)uj , (3.12) 

i=i 

where all A^ 's have the same parity and they are ordered as Ai > A2 > . . . Ajv > 0. 

In this context it should be noted that, by acting the Hamiltonian of the Dn type 
of Calogero model on the corresponding Coxeter invariant Polynomials, one can get the 
spectrum of this model in the form [25,26] 

N 

Em,,...,m^ = ^ X! rrijfj + i^N{N - l)u , (3.13) 

where fj — 2j for j e {1, . . . ,N — 1}, = N and m^'s are arbitrary non-negative 
integers. To make a connection between the eigenvalue relations (3.12) and (3.13), we 
define a mapping between the related quantum numbers as 

N-l 

Xj = 2^mi + mN- (3.14) 
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Note that this is a one-to-one mapping, whose inverse is given by rij — |(Aj — A^+i) for 
j e {1, . . . , A^ — 1} and un — ^n- Substituting Eq.(3.14) in Eq.(3.12), and interchanging 
the summations over i and j indices, we find that the spectra generated by Eq.(3.12) and 
Eq.(3.13) match exactly. It is interesting to note that, due to Eq.(3.14), the parity of 
rriN determines the parity of all the Aj's. Consequently, the eigenvalues in Eq.(3.13) with 
even (odd) values of uin are associated with the eigenfunctions (3.11) corresponding to 
the subspace T-Lq ("Hi). 

Let us now define a new set of 'creation' and 'annihilation' operators associated with 
the original Calogero Hamiltonian Hd (1-2) as 

bl = Ta]T-\ bj = TajT-\ (3.15) 

where j e {1, 2, • • • , N}. Similar to the case of QHO, these creation and annihilation 
operators also satisfy the standard bosonic commutation relation: 

[k,bj] = 0, [bl,b]]^0, [k,b]]^Sij, (3.16) 

for all i,j e {1, 2, • • • , N}. However, it should be noted that the operator T defined in 
Eq.(3.10) is not an unitary operator. Consequently, 6j is no longer the adjoint operator 
of bj. The vacuum state associated with this new type of creation and annihilation 
operators may be defined as 

|0)i, = r|0) , (3.17) 

which satisfies the relations bj\0)D — for all j, and coincides with the ground state 
wave function (2.2) of the Dn type of Calogero model in the coordinate representation. 
Due to such coincidence, the normalization condition for ground state wave function of 
the Dn type of Calogero model [32-34] leads to a relation like 

(o\r^r\o) - 1 rr r(i+J'^)r(| + (j-i)^) 

where r{z) denotes the usual gamma function. The above equation clearly shows that 
T can not be an unitary operator. As a result, one has to be more careful for defining 
the dual vector corresponding to \0)d- Indeed, by following the usual convention, if such 
dual vector is defined as {0\d = (0|T^ then this dual vector would not be annihilated 
by the left action of the creation operators hke fej. To bypass this problem, we define 
the dual vector corresponding to \0)d in Eq.(3.17) as 

{0\^ = {0\r-\ (3.19) 

which satisfies the desired relations (0|d6] = for all j. This type of dual vectors, 
defined in a rather unconventional way, will be used shortly to construct a nontrivial 
inner product in the Hilbert space of the Dn type of Calogero model. 
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Applying the relations (2.4), (2.14) and (2.18), we can express the Calogero Hamil- 
tonian Hjj (1.2) through the number operators associated with bj and 6^ as 

N 

HD^uj^r]j + uN{N - l)uj , (3.20) 
j=i 

where rjj = b^jbj. Furthermore, by using Eqs. (3.1), (3.15) and (3.17), it is possible to 
rewrite the eigenfunctions (3.11) of the type of Calogero model through symmetric 
combination of different powers of 6^'s as 

IV'D = rni^^)T-' ■ r|o) = ni^^mo . (3.21) 

Let us now define the dual vector corresponding to lipt) as 

{rp\D = {0\DM^), (3.22) 
which leads to a new inner product between the states and : 

m\^x)) ^ {o\DM^)ni^^mD . (3.23) 

Since bj is not the adjoint operator of bj, and {0\d is not the dual of \0)d in the conven- 
tional sense, it is obvious that the inner product given in the above equation is different 
from the conventional Hermitian inner product. Furthermore, it should be noted that, 
the inner product (3.23) is also different in nature from the inner products used ear- 
lier [32] for the cases of Aj^i^^i and i?jv types of Calogero models, where the duals of the 
vacuum states were defined in the conventional sense. Using the bosonic commutation 
relations (3.16) and expressing A in the form (3.7), we find that the inner product (3.23) 
can be computed as 

j=i r 

N 

where (0|0)/) = (0|0) = (^) ^ • Thus the eigenfunctions (3.21) of type of Calogero 
model are orthogonal to each other with respect to the inner product (3.23). 

Let us now investigate whether there exists any deeper reason for the existence of 
nontrivial inner product (3.23), which makes the eigenfunctions (3.21) orthogonal. In 
the following, it will be shown that the integrable structure oi type of Calogero model 
plays a crucial role in this matter. To this end, we apply a similarity transformation on 
the symmetrized conserved quantities (3.3) of the QHO and construct a set of mutually 
commuting conserved quantities for the Djv type of Calogero Hamiltonian Ho (1.2) as 

N 

Plirj) = TPiin)T-' = ^(77,)', (3.25) 



12 



where I e {1, 2, • • • , N}. Since the exponential of the Lassalle operator has entered in 
the definition of T in Eq.(3.10), Pi{rjys can not be expressed in general as some finite 
power series of the canonical variables. Moreover, due to nonunitarity of the operator 
T, it follows from Eq.(3.25) that P;(?7)'s are not Hermitian operators in general with 
respect to the conventional inner product. However, acting the operator T on both sides 
of Eq.(3.4), we obtain the relation 

N 

i=i 

which shows that the eigenfunctions (3.21) simultaneously diagonalize all of these mu- 
tually commuting conserved operators with a set of completely real eigenvalues. 

In this context, it is useful to notice that a set of quasi-Hermitian operators (denoted 
by Ai^s) are defined through the relations [35] 

A} = 0Ai0-\ (3.27) 

where 6* is a Hermitian, positive definite operator. Combining the operator O and 
standard inner product {(f)\ip), one can define a new inner product as 

(me = m^l;), (3.28) 

where |0) and are two arbitrary state vectors in the corresponding Hilbert space. 
It is well known that, quasi-Hermitian operators satisfying the relations (3.27) become 
Hermitian with respect to the new inner product defined through Eq.(3.28). Conse- 
quently, quasi-Hermitian operators yield completely real spectra and the corresponding 
eigenfunctions become orthogonal with respect to the inner product (0|'0)e given in 
Eq.(3.28). Such quasi-Hcrmitian operators have been studied recently due to their ap- 
pearance in some parity and time reversal invariant quantum systems which yield real 
spectra [36-39]. 

Interestingly, by using Eq.(3.25), we find that the adjoint of the operators P;(?7)'s 
can be expressed in the form (3.27) with G given by 

0^{r7^y\ (3.29) 

Hence all Pi{'r])^s arc quasi-Hermitian operators which, due to Eq.(3.29), can be trans- 
formed into Hermitian operators by defining an inner product like 

(0|V')e = (0|(r7^)~' V')- (3.30) 

Choosing lip) = \4>) = and using the above definition of the inner product, we 
obtain 

mii^xh = (o|rt^,^(b) (rrt) -Vx(b^)|o)D, (3.31) 
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where b = (bt)t. Due to Eq.(3.15), it follows that 

Substituting the above expression to the r.h.s. of Eq.(3.31), we find that this r.h.s. 
exactly matches with the r.h.s. of Eq.(3.23). Consequently, we get the remarkable 
relation 

{rM)o = mm)) ■ (3-32) 

This relation clearly shows that the inner product {{ipfi\ip^)) defined in Eq.(3.23) emerges 
in a natural way from the Hermiticity condition of P;(r7)'s given in Eq.(3.25), which are 
quasi-Hermitian operators with respect to the conventional inner product. 

4 Concluding remarks 

Here we solve the eigenvalue problem of the type of Calogero model (1.2), by 
mapping it to N number of decoupled quantum harmonic oscillators (QHO) through a 
similarity transformation. Though this similarity transformation apparently looks like a 
special case of the similarity transformation which maps the Bn type of Calogero model 
(1.3) to a system of decoupled QHO, interestingly we find that the domains of these 
two similarity transformations do not match with each other. Applying the similarity 
transformation operator on either all even parity or all odd parity eigenfunctions of the 
bosonic QHO, we explicitly construct the eigenfunctions for the type of Calogero 
model. 

It turns out that these eigenfunctions for the Dn type of Calogero model are not 
orthogonal with respect to the conventional inner product. However, we find that their 
orthogonality can be established by defining a nontrivial inner product. To explore 
some deeper reason for the existence of such inner product, we again use the method 
of similarity transformation to construct a set of mutually commuting conserved quan- 
tities for the Dn type of Calogero model. Even though these conserved quantities are 
quasi-Hermitian operators with respect to the conventional inner product, they can be 
transformed to Hermitian operators by using the nontrivial inner product which we 
have mentioned above. Thus the integrable structure of the Dn type of Calogero model 
plays an important role in determining the inner product for which the correspond- 
ing eigenfunctions are orthogonal. In future, we hope to explore whether there exists 
any connection between the presently derived conserved quantities for the Djsf type of 
Calogero model and the conserved quantities for this model obtained through the Lax 
operator approach. Moreover, the relation between the type of Jack polynomials 
and the eigenfunctions for the D^r type of Calogero model obtained through similarity 
transformation may also be another interesting topic for further investigation. 

Acknowledgements: The authors would like to thank Prof. R. Sasaki for many helpful 
discussions. 
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